
Second-order expansion of indices in the generalised Villain model

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1980 J. Phys. A: Math. Gen. 13 2451

(http://iopscience.iop.org/0305-4470/13/7/026)

Download details:

IP Address: 129.252.86.83

The article was downloaded on 31/05/2010 at 05:31

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/13/7
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen. 13 (1980) 2451-2455. Printed in Great Britain 

Second-order expansion of indices in the generalised 
Villain model 

Albert B Zisosk 
The James Franck Institute, The University of Chicago, Chicago, IL 60637, USA 
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Abstract. Critical indices of several operators in the generalised Villain model are cal- 
culated to second order along a critical line emerging from the model’s multicritical point. 
Relations between these expansions support the identification suggested between this line 
and a critical line of the Ashkin-Teller model. 

1. Expansion of critical indices 

Kadanoff (1977, 1979) has suggested an identification of the critical behaviours in the 
generalised Villain and Ashkin-Teller models. A correspondence between several of 
the operators in each model was proposed and a first-order expansion was made of the 
relevant generalised Villain model critical indices. The expansion parameter 
represented the introduction of equal amounts of spin waves (square symmetry 
breaking excitations) and vortices into the system. These first-order expansions 
satisfied (to first order) all the algebraic relations believed to hold between the 
corresponding critical indices in the Ashkin-Teller model. In this paper, we continue 
the expansions to second order in the hope of retaining these algebraic relations and 
thereby establishing the identification of both operators and critical behaviour on a 
firmer footing. 

We ask what happens to the critical indices of two degenerate (xl = x2) local 
operators, Ol(r) and 02(r), when the marginal (x = d = 2) operator E(r) is added to the 
Hamiltonian. 

exp H + exp(H + A  I dr E(r)). 

This makes the average of any operator 6 ( r l , .  . . , rn) change by 

dr E(r) +$A2 dr dr’(E(r)E(r’) - (E(r)E(r’))) + I 
Say 01 and 0 2  are chosen so that at A = 0 

(0,(rl)Op(r2)) = cSap/lrl - r212x-(h=0) 

ff, p = 1,2;  Irl - r2l large. 
To retain this relation for A > 0 one must allow for mixing of the degenerate operators 
and/or changes in their normalisation (Wegner 1972,1976). 

L 

O,(r)+O,(r)+A ALOi(r)+. . . 
i = l  
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has been Taylor expanded in A and only those terms In equation (2), Irl - 121 

relevant to a second-order calculation have been included. Again, note that (2) holds 
only asymptotically for Jr1- r 2 /  large. 

Now specialise to the operators of interest in the generalised Villain model. Details 
of the model and its notation can be found in Kadanoff (1979) and Pruisken and 
Kadanoff (1980). To specify the cutoff, choose L(r) to be ln(r/a) when r 2 a and 0 
otherwise. The marginal operator of interest is E = a-’Ez. First consider the operators 

-Zx-(A) 

Ol(r) = (l /JG(O2,o(r)  + o-;,o(r)) 

These two operators have been identified with P and CR, the polarisation and 
cross-over operators of the Ashkin-Teller model. When A = 0, x1 = xz = $. Using the 
integrals I (0, (rl)Op (rz)E(r3)) dr3 

one may conclude, using (2), that 

A: =-A;= IT In a -1~12  A:=A: = o 
dxl/dA = -dxz/dA = -T d2Xl/dA2 = d2X2/dA = 2 ~ ’ .  

So, to second order, the physically interesting critical exponents are: 

X ~ ( A ) = $ - ~ A  +r2,i2 

xz(A) =;+ITA + r 2 A 2 .  

Now we analyse the critical indices of two more operators 
1 

Oi(r) =- (F~i ( r )+a-~&(r) )  Jz 

(3) 
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These operators have been identified with E’  and E ,  an irrelevant operator and the 
operator conjugate to T - T, in the Ashkin-Teller model. When A = 0, x1 = x2 = 2. 
Using the integrals 

(0, (rl)Op (rdE(r3)) dr3 

=(S,p(-1)a/Ir1-r214)[8r lnlrl-r21+(r-8r In a ) + .  . .] 

1 (0, (rl)Op(r~)E(r3)E(r4))~ dr3 dr4 

= (Sag/lrl - r2I4)[64r2 ln21rl -r21 - ( 1 6 r 2 +  1 2 8 ~ ’  In a )  lnlrl -rzl] 

+ ((-l)a+p/lrl - r214)16r2 lnlrl - rzl+. . . 
one may conclude, again using (2), that 

A i  = -A: = -1 

d2Xl/dA = d2x2/dA = 8 ~ ’ .  

A: = -A;=$r- -4r  In a 2 r  

dxl/dA = -dx,/dA = 4~ 

So, to second order, two more of the physically interesting critical exponents are: 

x l ( A )  = 2+4rA +4r2A2  

xz(A ) = 2 - 4 T A  + 4 r 2 A  ’. (4) 
We report here that a similar expansion has been made of the critical index of the 

operator Ea. This operator has been identified with E, the marginal operator of the 
Ashkin-Teller model. The result is that xEZ = 2 to second order. 

We can now check to see if our expansions (3) and (4) satisfy the relations expected 
of Ashkin-Teller critical indices. These are: 

(1) XE = 2 
(2) x, = x,14 This relation was derived for the eight-vertex model independently 

by Baxter and Kelland (1974) and Luther and Peshel(l975). Enting (1975) suggested 
this relation could be extended to the Ashkin-Teller model. It was independently 
derived for the Ashkin-Teller model by Kadanoff and Brown (1979). 

(3) XCR = l/x,, x., = 4/x, These relations were derived for the Ashkin-Teller 
model by Kadanoff and Brown (1979). 

Using the mentioned operator identifications, all these relations may be verified to 
hold (up to second order) for the generalised Villain model critical line under consi- 
deration. This leads to the conclusion that Kadanoff’s identification of both operators 
and critical behaviour is most likely correct. 

Definition of marginality. 

2. Evaluation of the integrals 

We would like to say a few words about the evaluation of the integrals in 0 1. All of the 
correlation functions in the generalised Villain model can be written in terms of the two 
functions (Pruisken and Kadanoff 1980) 

O(r) =angle between r and some fixed axis. 
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B(q) is a very complicated function. However, for any B(q)  with both B(0) = 1 and 
B(4)  + 0 as q + 00 (to ensure convergence) the behaviour of L(r) is the same. L(0) will 
be 0 and L(r) will be ln(r/A) for large r. It is therefore our belief that the exact choice of 
B(4)  does not affect the universality class of our critical line. So the choice B(q)  = 
Jo(aq),  a Bessel function, should not change the relations between the critical index 
expansions. With this choice of B(q),  L(r) becomes (exactly) 

Similar considerations compel us to choose e ( r )  to be the mentioned angle exactly. 
Once these simple forms for L(r) and @ ( r )  have been chosen, the correlation 

functions can all be calculated. Here are two important correlation functions not easily 
found elsewhere: 

in this region for many operators 6 of interest. This is a great help because the specific 
form of the Fll correlation functions (derivatives of L(r)) enables us to evaluate their 
integrals exactly. 
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