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Abstract. Critical indices of several operators in the generalised Villain model are cal-
culated to second order along a critical line emerging from the model’s multicritical point.
Relations between these expansions support the identification suggested between this line
and a critical line of the Ashkin-Teller model.

1. Expansion of critical indices

Kadanoff (1977, 1979) has suggested an identification of the critical behaviours in the
generalised Villain and Ashkin-Teller models. A correspondence between several of
the operators in each model was proposed and a first-order expansion was made of the
relevant generalised Villain model critical indices. The expansion parameter
represented the introduction of equal amounts of spin waves (square symmetry
breaking excitations) and vortices into the system. These first-order expansions
satisfied (to first order) all the algebraic relations believed to hold between the
corresponding critical indices in the Ashkin-Teller model. In this paper, we continue
the expansions to second order in the hope of retaining these algebraic relations and
thereby establishing the identification of both operators and critical behaviour on a
firmer footing.

We ask what happens to the critical indices of two degenerate (x;=x,) local
operators, O1(r) and O,(r), when the marginal (x = d = 2) operator E(r) is added to the
Hamiltonian.

exp H »exp(H +A J dr E(r)).

This makes the average of any operator Oy, ..., 1) change by

(©)>(0(1+ [ dr EQ)+11? [ ar ar BOEC) - @B+ ).

Say O; and O, are chosen so that at A =0 _
(0a(r1)O0p(r2)) = 8ap/|r1 — 127~ (1)
a,B=1,2; |ry — r2| large.

To retain this relation for A > 0 one must allow for mixing of the degenerate operators
and/or changes in their normalisation (Wegner 1972, 1976).
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So upon choosing O(r1, 12) = 0, (r1)Oz(r2) the relation (1) becomes

<(Oa(r1)+)\ ;A;oi(rl))(oﬁ(rz)ﬂ gA;;oj(rz))P A J' drs E(r)

02 [ dry drs (BB —ECEC) ) )
(2
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=)r — |2x (0)[1 2)\

dx,
da

£ 1n|ry ~ 12
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dx, dx,
+A2<2<37\—) In®|ry — 1y T In|r; - r2|)].

In equation (2), |r1—rzl_2"““) has been Taylor expanded in A and only those terms
relevant to a second-order calculation have been included. Again, note that (2) holds
only asymptotically for |r; — 7, large.

Now specialise to the operators of interest in the generalised Villain model. Details
of the model and its notation can be found in Kadanoff (1979) and Pruisken and
Kadanoff (1980). To specify the cutoff, choose L(r) to be In(r/a) when r=a and 0
otherwise. The marginal operator of interestisE =a ~2E,. First consider the operators

O1(r) = (1/v2a)(O1,0(r) + O-1,0(r))
0,(r) = (i/N2a)(03,6(r) — O-1,0(r)).

These two operators have been identified with P and CR, the polarisation and
cross-over operators of the Ashkin-Teller model. When A =0, x; =x,= i Using the
integrals
[ ©.05IECo) ars
= SaB(—l)a
ri—r2
[ ©0.1105(BCEGa). drs are
Sap

=|—r———r——|(47r2 In|ri—ro)— @7 Ina)lnjry—ra| +...)
1— 72

(=27 Inlri—rs|+QRarIna—-m)+...)

one may conclude, using (2), that
Ai=-Ajl=wlna-m/2 Ai=Al=0
dx;/dA = —dxz/dA = —m d*x;1/dA? =d’x2/dA % =277,
So, to second order, the physically interesting critical exponents are:
x1(A)=z2—mA+7 %
xz()\)=§+7r)t+7r/\ . (3)

Now we analyse the critical indices of two more operators

ol<r>=71—§(Fll<r)+a“2E3(r>>

0.(r) =71—§(Fu<r)—a“2r~:3(r>>.
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These operators have been identified with €’ and ¢, an irrelevant operator and the
operator conjugate to 7~ T, in the Ashkin-Teller model. When A =0, x; =x,=2.
Using the integrals

[ D052 ars
= (8ag(=1)/Ir1 = 12|87 Injri — 1ol + (=87 Ina)+. . .]
j (O (r)Og (r)E(r)E(rs)). drs drs

= (8ap/ |11~ 12| 647> In?|ry— 12| — (1677 + 12872 In a) In|ry — r|]
+((=D* /= rafH167% Injry ~ 1ol +. ...
one may conclude, again using (2), that
Ai=-Al=inr—4rlna Ar=~Al=-in
dx;/dA = —dxy/dA =47 d?x1/dA% = d%xa/dA% =877,
So, to second order, two more of the physically interesting critical exponents are:
x1(0)=2+4m7A +4772°
x2(A)=2—47A +47°A°% 4)

We report here that a similar expansion has been made of the critical index of the
operator E,. This operator has been identified with E, the marginal operator of the
Ashkin-Teller model. The result is that xg, = 2 to second order.

We can now check to see if our expansions (3) and (4) satisfy the relations expected
of Ashkin-Teller critical indices. These are:

(1) xe=2 Definition of marginality.

(2) x, =x¢4 This relation was derived for the eight-vertex model independently
by Baxter and Kelland (1974) and Luther and Peshel (1975). Enting (1975) suggested
this relation could be extended to the Ashkin-Teller model. It was independently
derived for the Ashkin-Teller model by Kadanoff and Brown (1979).

(3) xcr=1/x, xe =4/x. These relations were derived for the Ashkin-Teller
model by Kadanoff and Brown (1979).

Using the mentioned operator identifications, all these relations may be verified to
hold (up to second order) for the generalised Villain model critical line under consi-
deration. This leads to the conclusion that Kadanoff’s identification of both operators
and critical behaviour is most likely correct.

2. Evaluation of the integrals

We would like to say a few words about the evaluation of the integralsin § 1. All of the
correlation functions in the generalised Villain model can be written in terms of the two
functions (Pruisken and Kadanoff 1980)

d’¢B

8(r) = angle between r and some fixed axis.

{exp(ig.r)—1]
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B(q) is a very complicated function. However, for any B(g) with both B(0)=1 and
B(g)— 0 as g > (to ensure convergence) the behaviour of L(r) is the same. L{0) will
be 0 and L(r) will be In(r/ A) for large r. It is therefore our belief that the exact choice of
B(q) does not affect the universality class of our critical line. So the choice B{q) =
Jo(aq), a Bessel function, should not change the relations between the critical index
expansions. With this choice of B(g), L(r) becomes (exactly)

Inr/a r=a

L(r)={0 r<a

Similar considerations compel us to choose 8(r) to be the mentioned angle exactly.

Once these simple forms for L(r) and 8(r) have been chosen, the correlation
functions can all be calculated. Here are two important correlation functions not easily
found elsewhere:

(F11(r1)0pn,m (r2)O—p, - (3))
=2(n" = m*} 0y m(r2)O—p—m(r3))
X(V_L(r;=r1)=V_L(rs=r))V.L(rs=r1) = V.L(rs—r1))
(F11(r)F11(r2)On,m (r3)Op,—m (ra))e
= (O pm (r3)0 o (ral)[=(n = m)*VZL(r2 = r)(V+L(rs—11)
=ViL(ra=r))(ViL(rs—r2) =V.L(rs—r2))
—(n+m)*V2L(r,—r)(V_L(rs—r1)) = V_L(ra—r))(V-L(rs—r2)
—V_L(ra=r))+4(n>~m**(V.L(rs—r1)
=V L(ra=r))V+L(rs=r2) =V.L(rs—rz))
X(V_L(rs—r)—V_L(ra—r))(V_L{rs—r2)—V_L(rs—r2))].

Here V. =48/dx +id/3y.

Now we can go on to evaluate the various integrals in each region of space where
some fixed combination of the |r; — r;] is greater than the cutoff a (as opposed to less than
a). The only difficult region is that where all |7, — ;| = a. This problem can be overcome
by noting that

(O(r1, 1)E(r)E(ra))e =(O(r1, r2)F11(r3)F11(ra))e

in this region for many operators O of interest. This is a great help because the specific
form of the F;; correlation functions (derivatives of L(r)) enables us to evaluate their
integrals exactly.
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